RECURRENCE OF NON-RESONANT HOMEOMORPHISMS ON 

THE TORUS 



RAFAEL POTRIE 



Abstract. We prove that a homeomorphism of the torus homotopic to the 
identity whose rotation set is reduced to a single totally irrational vector is 
chain-recurrent. In fact, we show that pseudo-orbits can be chosen with a 
small number of jumps, in particular, that the nonwandcring set is weakly 
transitive. We give an example showing that the nonwandcring set of such a 
homeomorphism may not be transitive. 



I. Introduction 

We consider Homeoo(T 2 ) to be the set of homeomorphisms homotopic to the 
identity. We shall say that / G Homeoo(T 2 ) is non-resonant if the rotation set 
of / is a unique vector (a, j3) and the values 1, a, (3 are irrationally independent 
(i.e. a,/3 and a/ (3 are not rational). This ammounts to say that given any lift F 
of / to R 2 , for every z G R 2 we have that: 

(1) lim — K -± = (a,/3)(modZ 2 ) 

n— >oo n 

In general, one can define the rotation set of a homeomorphism homotopic 
to the identity (see |MZj ). In fact, although we shall not make it explicit, our 
constructions work in the same way for homeomorphisms of the torus whose 
rotation set is contained in a segment of slope (a, (3) with a, /3 and a/ (3 irrational 
and not containing zero. 

Non-resonant torus homeomorphisms^ have been intensively studied in the last 
years looking for resemblance between them and homeomorphisms of the circle 
with irrational rotation number (see |K2j . [L] . |J1] ) and also constructing exam- 
ples showing some difference between them (see [Fj, |BCLj . |BCJLj . [J2]). 



The autor was partially supported by ANR Blanc DynNonHyp BLAN08-2_313375 and ANII 
Proyccto FCE2007_577. 

1 These are called irrational pseudo-rotations by several authors, but since some of them use 
the term exclusively for conservative ones, we adopt the definition used in |Klj . 
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In |K1] the possible topologies of minimal sets these homeomorphisms admit 
are classified and it is shown that under some conditions, these minimal sets are 
unique and coincide with the non-wandering setB However, there is one kind 
of topology of minimal sets where the question of the uniqueness of minimal 
sets remains unknown. When the topology of a minimal set is of this last kind, 
|BCJL] constructed an example where the non wandering set does not coincide 
with the unique minimal set, in fact, they construct a transitive non-resonant 
torus homeomorphism containing a proper minimal set as a skew product over 
an irrational rotation. 

A natural example of non-resonant torus homeomorphism is the one given by 
a homeomorphism semiconjugated to an irrational rotation by a continuous map 
nomotopic to the identity. In pT] it is proved that a non-resonant torus home- 
omorphism is semiconjugated to an irrational rotation under some quite mild 
hypothesis. 

Under the hypothesis of being semiconjugated by a monotone map§ which has 
points whose preimage is a singleton, it is not hard to show the uniqueness of a 
minimal set (see for example |K1] Lemma 14). However, as shown by Roberts 
in [R], a continuous monotone map may be very degenerate and thus even if 
there exist such a semiconjugation, it is not clear whether there should exist a 
unique minimal set nor the kind of recurrence the homeomorphisms should have. 
Moreover, for general non-resonant torus homeomorphisms, there does not exist 
a semiconjugacy to the irrational rotation (even when there is "bounded mean 
motion", see [J2]). 

Here, we give a simple and self-contained proof (based on some ideas of |K1] 
but not on the classification of the topologies of the minimal sets) of a result 
which shows that even if there may be more than one minimal set, the dynamics 
is in some sense irreducible. Clearly, transitivity of / may not hold for a general 
non-resonant torus homeomorphism (it may even have wandering points, as in the 
product of two Denjoy counterexamples; some more elaborate examples may be 
found in |Klj ). but we shall show that, in fact, these homeomorphisms are weakly 
transitive. For a homeomorphism / we shall denote fi(/) to the non-wandering 
set of / (i.e. the set of points x such that for every neighborhood U of x there 
exists n > with f n (U) n U ^ 0). 

2 A point x is wandering for a homeomorphism / if there exists a neighborhood U of x such 
that f n (U) PiU = for every n ^ 0. The non-wandering set is the closed set of points which 
are not wandering. 

3 A monotone map is a map whose preimages are all compact and connected. 
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Theorem A. Let f G Homeoo(T 2 ) be a non-resonant torus homeomorphism, 
then, f\n(f) is weakly transitive. 

Recall that for h : M — > M a homeomorphism, and K an h— invariant compact 
set, we say that h\x is weakly transitive if given two open sets U and V of M 
intersecting K, there exists n > such that h n (U) D V 7^ (the difference with 
being transitive is that for transitivity one requires the open sets to be considered 
relative to K). 

This allows to re-obtain Corollary E of |Jlj : 

Corollary 1.1. Let f G Homeoo(T 2 ) be a non-resonant torus homeomorphism 
such that fl(f) = T 2 . Then, f is transitive. 

In fact, as a consequence of weak-transitivity, we can obtain also the more well 
known concept of chain-transitivity for non-resonant torus homeomorphisms. 

Corollary 1.2. Let f G Homeoo(T 2 ) be a non-resonant torus homeomorphism, 
then, f is chain-transitive. 

Recall that a homeomorphism h of a compact metric space M is chain-transitive 
if for every pair of points x, y G M and every e > there exists an e— pseudo-orbit 
x = z , . . . , z n = y with n > 1 (i.e. d(z i+1 , h(zi)) < e). 

Proof. Consider two points x,y G M and e > 0. 

We first assume that x ^ y are both nonwandering points which shows the 
idea in a simpler way. From Theorem A we know that there exists a point z and 
n > such that d(z, f(x)) < e and d(f n+1 (z),y) < e. We can then consider the 
e— pseudo-orbit: {x, z, . . . , f n (z), y}. 

Now, for general x, y G T 2 we consider > 1 such that d(f no+l (x), fi(/)) < e/2 
and d(f~ no (y),Q(f)) < e/2. Now, by Theorem A there exists z G T 2 and n > 
such that d(z, f n °{x)) < e and d(f n+1 (z), f~ n °(y)) < e. Considering the following 
e— psudo-orbit {x, . . . , / n °~ 1 (x), z, . . . , f n (z), f~ n °(y), ■ ■ ■ , y} we obtain a pseudo- 
orbit from x to y and thus proving chain-transitivity. 

□ 

Remark 1. We have proved that in fact, for every e > the pseudo-orbit can be 
made with only two "jumps". 

As a consequence of our study, we obtain the following result which may be of 
independent interest: 
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Proposition B. Let f G Homeoo(T 2 ) be a non-resonant torus homeomorphism 
and Ax a compact connected set such that f(Ai) C A x . Then, for every U con- 
nected neighborhood of K\, there exists K > such that: 

- If A2 is a compact set which has a connected component in the universal 
cover of diameter larger than K ther^, 

One could wonder if the stronger property of fi(/) being transitive may hold. 
However, in section H] we present an example where Q(f) is a Cantor set times 
SS l , but for which the nonwandering set is not transitive. 

Acknowledgements: I would like to thank Sylvain Crovisier and Martin Sam- 
barino for their support and their important corrections to this text. I would also 
like to thank Tobias Jager who kindly exchanged communications related to this 
result. The referee carefully looked at the paper and gave suggestions to improve 
the presentation and clarity. 



2. Reduction of the proofs of Theorem A and Proposition B 

In this section we shall reduce the proofs of Theorem A and Proposition B to 
Proposition 12.11 and its Addendum 12.21 

We shall use the word domain to refer to an open and connected set. We 
shall say a domain U 6 T 2 is inessential, simply essential or doubly essential 
depending on whether the inclusion of tti{U) in vri(T 2 ) is isomorphic to 0,Z or 
Z 2 respective!}!^. If U is simply essential or doubly essential, we shall say it is 
essential. 

Remark 2. Notice that if U and V are two doubly essential domains, then 
U D V 7^ 0. This is because the intersection number of two closed curves is 
a homotopy invariant and given two non-homotopic curves in T 2 , they have non- 
zero intersection number, thus, they must intersect. Since clearly, being doubly 
essential, U and V contain non homotopic curves, we get the desired result. 





We claim that Theorem [T] can be reduced to the following proposition. 



This holds if A2 is a connected set such that f l {^2) C A2 for some i 6 Z for example. 
'In jKl] these concepts are called trivial, essential and doubly- essential. 



RECURRENCE OF NON-RESONANT HOMEOMORPHISMS ON THE TORUS 



5 



Proposition 2.1. Given f £ Homeoo(T 2 ) a non-resonant torus homeomorphism 
and U an open set such that f(U) C U and U intersects £l(f), then we have that 
U has a connected component which is doubly essential. 

Almost the same proof also yields the following statement which will imply 
Proposition B: 

Addendum 2.2. For f as in Proposition \2.1\ if A is a compact connected set 
such that /(A) C A, then, for every connected open neighborhood U of A, we have 
that U is doubly-essential. 

Notice that the fact that /(A) C A for A compact implies that it contains 
recurrent points, and in particular, A D fi(/) 7^ 0. 

Proof of Theorem A and Proposition B. Let us consider two open sets U\ 

and Vi intersecting Q(f), and let U = \J n>0 f n ( u i) and V = LUo /"(^i)- These 
sets verify that f(U) C U and C V and both intersect the nonwandering 

set. 

Proposition 12.11 (applied to / and implies that both U and V are doubly 
essential, so, they must intersect. This implies that for some n > and m < 
we have that / n (t/i) n / m (Vi) ^ 0, so, we have that /"- m (f/i) n Vi ^ and thus 
is weakly transitive. 

Proposition B follows directly from Addendum 12 . 21 since given a doubly-essential 
domain U in T 2 , there exists K > such that its lift p~ x {U) intersects every 
connected set of diameter larger than K. 

□ 

Remark 3. Notice that in higher dimensions, Remark [2] does not hold. In fact, 
it is easy to construct two open connected sets containing closed curves in every 
homotopy class which do not intersect. So, even if we could show a result similar 
to Proposition 12.11 it would not imply the same result. 



3. Proof of Proposition 12.11 

Consider a non-resonant torus homeomorphism / £ Homeo (T 2 ), and let us 
assume that U is an open set which verifies f(U) C U and U fl £l(f) ^ 0. 

Since UC\Q(f) ^ 0, for some N > we have that there is a connected component 
of U which is /^-invariant. We may thus assume from the start that U is a domain 
such that f(U) C U and U n ^ 0. 



6 



R. POTRIE 



Let p : M 2 — > T 2 be the canonical projection. Consider Uq C p l (U) a connected 
component. We can choose F a lift of / such that F(U ) C Uq. 

We shall denote T Pj(J to the translation by vector (p,q), that is, the map from 
the plane such that T p>q (%) = x + (p, q) for every i6l 2 . 

Lemma 3.1. The domain U is essential. 

Proof. Consider x G Uq such that p(x) G And consider a neighborhood 

V C Uq of x. Assume that there exists n > and (p,q) G Z 2 \ {(0,0)} such 
that F n °(V) n (V + (p, g)) 7^ 0. Since Uq is F-invariant, we obtain two points in 
Uq which differ by an integer translation, and since Uq is connected, this implies 
that U contains a non-trivial curve in 7Ti(T 2 ) and thus, it is essential. 

To see that there exists such n Q and (p, q), notice that otherwise, since x is not 
periodic (because / is a non-resonant torus homeomorphism) we could consider a 
basis V n of neighborhoods of p(x) such that f k (V n ) D V n — for every < k < n. 
Since x is non- wandering, there exists some k n > n such that f k "(V n ) D 7^ 0; 
but since we have that F fcn (K) H (K + (p, q)) = for every (p, q) G Z 2 \ {(0, 0)}, 
we should have that F fcn (\4) H V n 7^ for every n. Since A; n — > 00, we get that / 
has zero as rotation vector, a contradiction. 

□ 

We conclude the proof of by showing the following lemma which has some 
resemblance with Lemma 11 in |Klj . 

Lemma 3.2. The domain U is doubly-essential. 

Proof. Assume by contradiction that U is simply-essential. 

Since the inclusion of fti(U) in 7r 1 (T 2 ) is non-trivial by the previous lemma, 
there exists a closed curve 77 in U such that when lifted to 1R 2 joins a point x & Uq 
with x + (p, q) (which will also belong to Uq because r\ is contained in U and Uq 
is a connected component of p~ x (U)). 

We claim that in fact, we can assume that rj is a simple closed curve and such 
that g.c.d(p,q) = 1 (the greatest common divisor). In fact, since U is open, 
we can assume that the curve we first considered is in general position, and by 
considering a sub curve, we get a simple one (maybe the point x and the vector 
(p, q) changed, but we shall consider the curve 77 is the simple and closed curve 
from the start). Since it is simple, the fact that g.c.d(p,q) = 1 is trivial. 

If rjo is the lift of rj which joins x G Uq with x + (p, q), we have that it is compact, 
so, we get that 
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*7 = U T np,nqVo 



is a proper embedding of K in M 2 . Notice that fj C C/o- 

By extending to the one point compactification of IR 2 we get by using Jordan's 
Theorem (see [M] chapter 4) that fj separates M 2 in two disjoint unbounded 
connected components which we shall call L and R and such that their closures 
L U fj and RUfj are topologically a half plane (this holds by Schonflies Theorem, 
see [M] chapter 9). 

Consider any pair a, b such that§ | ^ |, we claim that T a ^{fj) PI [To = 0. 
Otherwise, the union T a ^{fj) U [/ would be a connected set contained in p _1 (C7) 
thus in ?7o and we could find a curve in C/o joining x to x + (a, 6) proving that 
[/ is doubly essential (notice that the hypothesis on (a, b) implies that (a, b) and 
(p,q) generate a subgroup isomorphic to Z 2 ), a contradiction. 

Translations are order preserving, this means that T a b (R) R i? and T Q)6 (L) fl L 
are both non-empty and either T a ^(R) C i? or T a ^(L) C L (both can only hold 
in the case | = £ ). Also, one can easily see that T afe (i?) C i? implies that 



Now, we choose (a, b) such that there exists a curve 7 from x to x + (a, 6) 
satisfying: 



- 7 is disjoint from 7^(7). 

- 7 is disjoint from T a ^(fj) and fj except at its boundary points. 

We consider fji = T a ^{fj) and 772 = T- a -b(fj). Also, we shall denote 7 = 
7 U T„ a „ fe (7) which joins x — (a, 6) with x + (a, 6). 

We obtain that U is contained in T = T^R) nTL _&(L) a band whose bound- 
ary is f/i U r^ 2 . 

Since Uq is contained in T and is F- invariant, for every point x G Uq we have that 
F n (x) is a sequence in T, and since / is a non-resonant torus homeomorphism, 
we have that lim F ^ = lim F = (a, (3) is totally irrational. 

However, we notice that V can be written as: 



T_ a ,_ 6 (L) c L. 



T a ,b(fj) C L. 




'We accept division by as being infinity. 
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where T is a compact set in M 2 . Indeed, if we consider the curve 7 U T ajb (r] ) U 
T p , q (j) U T- a -b(Vo) we have a Jordan curve. Considering T as the closure of the 
bounded component we have the desired fundamental domain. 

So, if we consider a sequence of points x n G T such that lim ^ exists and is 
equal to v it will verify that the coordinates of v have the same proportion as 
p/q, thus cannot be totally irrational. This is a contradiction and concludes the 
proof of the Lemma. 

□ 

We conclude this section by showing how the proof adapts to the case stated in 
Addendum 12.21 Consider a compact connected set A such that /(A) C A, then, 
we have that A contains points which are recurrent^. 

Let A be a connected component of p~ 1 (A) which is F-invariant. Now, if U is 
an open connected neighborhood of A and Uq is a connected component of p~ l {U) 
containing A. Notice that d(dll, A) > 5 > so d(dU , A) > S also. 

Now, the same argument in Lemma 13.11 can be used in order to show that U 
must be essential: We can choose a point x G A C Uq such that p(x) is recurrent 
and the same argument shows that there will exist (p, q) G Z 2 \ {(0, 0)} such that 
F n ° (x) is 5-close to 1+ (p, q) and since F n ° (x) must be contained in A we get 
that x + (p, q) is contained in Uq showing that U is essential. 

The proof that in fact U is doubly-essential is now the same as in Lemma 13.21 
since one can see that invariance of U was not used in the proof, one only needs 
that there are points in Uq such that the orbits by F remain in Uo and this holds 
for every point in A. 

4. An example where /|n(/) is not transitive 

The example is similar to the one in section 2 of [J2], however, we do not know 
a priori if our specific examples admit or not a semiconjugacy. 

Consider g 1 : S 1 — > S 1 and g 2 : S 1 — > S 1 Denjoy counterexamples with rotation 
numbers p\ and p 2 which are irrationally independent and have minimal invariant 
sets Mi and M 2 properly contained in S 1 . We shall consider the following skew- 
product map fp : T 2 — > T 2 given by: 

ff,{s,t) = { gi {s),P{s)(t)) 

7 Since it is a compact invariant set, it contains a minimal set whose points will be all 
recurrent. 
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where (3 : S 1 Homeo + (S' 1 ) is continuous and such that j3(s)(t) = f° r every 
(s,t) £ Mi x S\ 

The same proof as in Lemma 2.1 of [J2] yields: 

Lemma 4.1. The map fp is a non-resonant torus homeomorphism and M\ x M 2 
is the unique minimal set. 

Proof. The proof is the same as the one in Lemma 2.1 of [J2]. Indeed any 
invariant measure for / must be supported in Mi x M 2 and the dynamics there 
is the product of two Denjoy counterexamples and thus uniquely-ergodic. Since 
rotation vectors can be computed with ergodic measures, we also get that fp has 
a unique rotation vector (pi, p 2 ) which is totally irrational by hypothesis. 

□ 

Clearly, if we restrict the dynamics of fp to Mi x S 1 it is not hard to see that 
the nonwandering set will be Mi x M2 (it is a product system there). So, we shall 
prove that if (3 is properly chosen, we get that £l(fp) = Mi x S 1 . In fact, instead 
of constructing a specific example, we shall show that for "generic" /3 in certain 
space, this is satisfied, this will give the existence of such a (3. 

First, we define B to be the set of continuous maps (3 : S 1 — > Homeo + (5' 1 ) 
such that (3(s) = g 2 for every s £ Mi. We endow B with the topology given 
by restriction from the set of every continuous map from S 1 to Homeo + (5' 1 ). 
With this topology, B is a closed subset of the set of continuous maps from 
S* 1 — > Homeo + (5' 1 ) which is a Baire space, thus, B is a Baire space. 

So, the existence of the desired (3 is a consequence of: 

Lemma 4.2. There exists a dense G$ (residual) subset of B of maps such that 
the induced map fp verifies that Q(fp) = Mi x SS 1 . 

PROOF. First, we will prove the lemma assuming the following claim: 

Claim. Given (3 £ B, x G Mi x S l , e > and 5 > there exists (3' £ B which is 
5— close to (3 such that there exists k > with ft(B(x,£)) D B(x,e) ^ 0. 

Assuming this claim, the proof of the Lemma is a standard Baire argument: 
Consider {x n } C Mi xS 1 a countable dense set. Using the claim, we get that the 
sets B n> N consisting of the functions (3 £ B such that there exists a point y and 
a value k > such that y and fp(y) belong to B(x n , 1/N) is a dense set. Also, 
the set B n> N is open, since the property is clearly robust for C° perturbations of 
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fp. This implies that the set 1Z = C\ nN B n ,N is a residual set, which implies, by 
Baire's theorem that it is in fact dense. 

For (3 G 1Z we get that given a point x G M\ x S 1 and e > 0, we can choose 
x n G B(x,e/2) and iV such that 1/N < e/2. Since (3 G £> nj 7v we have that 
there exists k > such that fp(B(x,e)) fl B(x,e) ^ proving that Mx x S 1 is 
nonwandering for fp as desired. 

Proof of the Claim. The point x e M x x S 1 can be written as (s,t) in the 
canonical coordinates. 

Choose an interval (a, b) C (s — e, s + e) contained in a wandering interval of 
gi. Then, there exists a sequence of integers k n — > +oo such that ^^ n ((a, 6)) C 
(s — e, s + e) for all n > 0. Further, the orbits of a and b are disjoint and do not 
belong to Mi. Let 7 = (a, 6) x {t}. 

We can assume that /a* 1 (7) H B(x,e) = for every n > 0, otherwise, there is 
nothing to prove. 

We shall thus consider a 5— perturbation of /3 such that it does not modify 
the orbit of (a, t) but moves the orbit of (b, t) in one direction making it give a 
complete turn around SS l and thus an iterate of 7 will intersect B(x,e). 

Let s n = g?{b) and (3 n {s ) = 0(s n ^)o. . .o/3(s ). Note that i/3 n (s )(t) -> p(<7 2 ) 
as n — > 00 since — > §2 as A; — > 00. At the same time, if we let 

/3£(s ) = o /3(s n _i) 0^0 /3 Sn _ 2 o . . . o R e o (3(s ) 

Then, (3$ (so)(t) — > p' > p(g2) since Re o f3 Sk converges to Rg o g 2 which has 
rotation number strictly greater than g 2 (see for example |KHj Proposition 11.1.9). 
If we denote by (3 n , respectively (3q the lifts of (3 n and /3g to M, then, this implies 
that there exists no such that for n > uq one has 

\fc(t) - j3»(t)\ > 1 
So, if we consider k n > n and we choose (3' such that: 

- it coincides with /3 in the gi-orbit of a, 

- it coincides with Rq o f3 in the points {6, #1(6), ... , (^"(fc)}, 

- is at distance smaller than S from (3, 

we have that fp7{^) PI B(x,e) 7^ as desired. 



□ 
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